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[From: Izvestiya Akademii Nauk SSSR, Otdeleniye Tekhnichestikh Nask,
1954, wo. 6, pages 3-1&]

CALCULATING THE PERFORMANCE RELIABILITY OF
SYSTEMS CONTAINING A LARGE NUMEER OF ELEMENTS

by V. I. Siforov

{Moscow)

The systems currently in wide use contain a large number of elements,
and the damage to one of them affects the performance of the entire sys-
tem.

A typical example of this type of system is a radio relay system
containing a large number of intermediate stations, each of which in turn
consists of a large number of electron tubes and other parts.

To calculate the reliability of such complicated systems with given
characteristics of their individual elements, such as the tubes for exam-
ple, we must know the quantitative ratio between the probability of damage
to the entire system and the prch*blg damage to its individual elements.

The purpose of this article is to find such a gquantitative ratio and
use it as a basis for the methods of calculating the reliability of sys-
tems containing a large number of elements.

1. General ratios between the probabilities of damage to the system

and to its elements. Let the block diagram of a system consist of a large

number n of elements A ceey A (Fig. 1). We shall designate the proba-

1'
bility of their damage during the time T as Ppsecss Ppo respectively.

Each of these probabilities is a functionm of T.
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The event in which any element A, of the system will function nor-

k
mally in the period of time T is the direct opposite of the event in
which that element will be damaged during the same period of time. The
probability of the normal operation of element Ak during the time T will
therefore be equal to 1 - Py

The probability that all the n elements of the system will be operat-
ing normally during the time T will, according to the theorem of the mul-
tiplication of probabilities, be equal to

(1—p)(—ps).. (t—p,)

and the probability of damage to at least one of the elements Al,..., An

will be
y=1—(—p)(t—py).. . (1—p) (1.1)

Since the damage to one or several elements will disrupt the normal
operation of the entire system, the magnitude y represents the damage
prokability of the entire system.

Formula (1.1) combines the damage probability of the entire system
with that of its individual elements.

In particular cases, when all the elements of the system are the
same, formula (1.1) will look like this:

y=1l—u=p" (1.2)
or, in the case of fairly large n(nJ»1) values and not very large p(np$l)
values,

_7/‘:= 1 —(1&%)7!’:, 1 — c‘“rf’ (1.3)

As indicated in formula (1.1), the following conditions must be ful-
filled in order to keep the probability of damage to the entire system y
fairly small (less than 0.01, for example):

pi<Ell, py<ii, ..., pn<§1 '



With these conditions fulfilled, formula (1.1) may be represented

as follows:
y=1—{—(pr+pt+p)+ ]
or
=Pt pat et Dy | (1.4)

that is when the probaﬁilify of damage to all the elements of the system
is small, the probability of damage to the entire system during time T
is approximately equal to the sum of the damage probabilities of its ele-
ments during the same period of time T.

In particular cases, when all the elements of the system are the

same, formula (1.4) will look like this:

y=np (1.5)
in which case p&< 1, np& 1, and n may represent any but not necessarily
large value.

Formulas (1.4) and (1.5) reveal that a high operational reliability
of a system consisting of a large number of elements requires a very high
level of operational reliability on the part of all its elements. For
example, assuming the damage probability of the entire system to be y =
0,01 and the number of elements n = 100, the damage probability of each
element will be p = 10—4. lience it follows that tubes designed for use
in major radio relay systems must be up to very rigid standards; in any
case, the probability of each individual tube getting out of commission

L

during a given period of operation should not exceed 107 .
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2. The duration of the system's operation without damage. Let us

find the quantitative ratio required for calculating the time of the
system's operation without damage on the assumption that we know the law
of probability governing the efficient operation of each element.

We shall designate as q(T) the distribution demsity of the probable
periods of efficient operation of the system's element (Fig. 2). Then
the probability that the period of uninterrupted operation of an element
is found between T and T + dT will be equal to q(T)dT; that probability
is graphically represented by the dotted area in Fig. 2.

The probability that the period of uninterrupted operation of an
element in the system will be found somewhere between zero and T or the
probability of damage to one element of the system during time T, which

is the same, will be expressed by the following integral
’ T
p(T)y=\q(T)dr

0

Assuming that the law of probability governing the distribution of
the periods of efficient operation of each element of the system g(T) is
normal, we will have

1 ~ /__(T—‘Tn)2\
0-]/“2-,;: (.Kp\ _20“‘2 / (2-1)

q(T) =

where T is the duration of uninterrupted operation of an element in the
system, To the mgthematical expectancy of uninterrupted operation of an
element in the system (the average service life of the element), and sz
the time variability of the efficient operation of an element (the aver-
age value of the square of the deviation of the element's service life
from its average service life).

Under the normal law of probabilities, the probable damage to an

element during time T will be



T T
p(T)={ ¢ —6]}27_7 Sexp:{—(T:—G:T“)z)dT ‘ (2.2)

— @ — o

In the case of a small dispersion of the periods of efficient opera-
tion of every element in the system or a high degree of similarity of
the elements (in point of their service life), which is the same, the
probability of damage to an element in the system during time T can be

approximately expressed by the following integral

T
) - 1 Iy T (203)
p(T)~GV_‘7.O\ exp(~(—-?7ﬁ\ dT
as in such cases
0
| oxp(— 2T a7 o {exg (- T 7

—_— 0

=)

Thus in the case of relatively small dispersions both formulas (2.2)
and (2.3), provide approximately the same value of the probable damage to
systems p(T). But in the case of larger dispersions, the mentioned for-
mulas cannot be used, as in such cases the law © ities governing
the distribution of the periods of the element's efficient operation is
different from the normal law. |

Let us assume that the system consists of n similar elements. From

formulas (1.5) and (2.2) we will find the following probability of damage

to the system during time T

_ n EO___] -2 T(—‘T_ - (2.“"
y—-lfz;xe I dx A (—LE—_ _.@> )
X
As 1 x =] {
1] g® P I S, == E
o) e e =
we will have ,
X
1/ — 1 ——_—i ¢ _l/l *
F=r—0@  (e@=5zi Yda) (2.5)
0

Here ¢(x) is the distribution function known in the theory of proba-

bilities, and x is known according to (z2.h4).



On the basis of (2.5) and the known tables of tne ®(x) function we
shall cite, for the sake of convenience, the numerical relation between

y/n and z=(T,—7T)/s :

z== 20 25 . 3.0 3.2 3.4
Sy = 22854070 6.2x 1078 1.35% 1073 6.9 % 10~¢ 3.4x 107
z= 2.6 3.8 4.0 4.5 5.0 !

Yin= 16x107% 7.2x10™ #3-2x107 3x10~¢  3x1078

Assuming that we know the average servi;; life of the element To’
the average value of the square of the deviation of the element’'s serv-
ice life from its average service life (that is, 552) and the n number
of elements of the system, formula (2.5) will make it possible to cal-~
culate the damage probability y of the entire system during time T. Seek-
ing to establish the admissible damage probability y of the system as a
whole and known the number of elements n of the system as well as the
parameters To and Cfcharacterizing each element, it is also possible to
establish the time of the system's normal operation by the following for-
mula

T=To—z (2.6)

which follows from the relation (2.4).

We shall cite several examples to illustrate the found quantitative
relations

Let the average service period of an element of the system be To =
10,000 hours, and the average square of the deviation from the service
period C;=»l,000 hours. The probability of damage to an element of the

system during To -8 = 9,000 hours, according to (2.5), will be

p=l'_=_é__q>(1)=o.16v (2.7)

n
The probability of an element of the system having a service life

from TO + & = 11,000 hours and more, in view of the symmetry of the

probability distribution curve, will also be equal to 0.16. Consequently,




the probability of the service life of an element of the system being be-
tween T - 6 and T+ 6 , that is between 9,000 and 11,000 hours, is 1
- 2 x 0.16 = 0.68. Assuming that the number of elements in the system is
n = 100 and the admissible probability of its damage y = 0.01, we will
get y/n = 10—4. Using the above cited numerical relationship between y/n

and x:

and according to (2.6), the period of the normal operation of the system
will be
T = Ty — z6 = 10000 — 3.7x 1000 = 6300 hours.
The utilization factor of the system's element, that is, the ratio
between the period of its operation and its average service life, will be

6300

= 10000

=0.63

Let us assume now that ' = 500 hours while To' y and n retain their
previous values. The period of the system's normal operation will then be
T = 7T, = 10000 —3.7x 500 = 8150 hours,

and the utilization factor of the system's eiement is

8150
=000

0.815

At very small & values, according to (2.6), the time of the system's
normal operation will be close to To' and the utilization factor of each
element will be close to 1.

It follows from the above~cited numerical examples that a reduction
of the heterogeneity factor éT/To of each element of the system in point
of service life from 0.1 to O increases the utilization factor of the

element from 0.63 to 1, that is relatively little. This justifies the

conclusion that it is not expedient to have each element of the system



meet more rigid requirements in point of similarity of service life than
those corresponding to the heterogeneity factor é?/TQ = O.1.
With 6'/1‘o = 0.2, that is & = 2,000 hours (T, = 10,000 hours), we

will get

B _ ey . =
T =10000 —3.7x2000 = 20600 hours, 7= f505p

It can easily be seen that an increase of the heterogeneity factor
5/‘1‘0, beginning with 6/To = 0.2, is accompanied by a sharp reduction of
the utilization factor of the system's element. Hence the conclusion that
the heterogeneity factor ﬁg/To of each element of the system should not
exceed O/2 in point of service life.

To find out to what extent the period of the system's operation with-
out damage will be reduced by assigning more rigid requirements to its
damage probability, we shall assume that y = 0.001l. Retaining the pre-
vious assumption that n = 100, we will get y/n = 1072, Making use of the
above~-cited numerical relationship, we will find that x = 4.3. The normal
operation period of the system (with T = 10,000 hours and 6 = 1,000
hours) is

T =Ty —=2c=10000—4.3x 1000 = 5700 hours,

and the utilization factor of one element of the system is

5700

mzo:)l

=
Comparing these results with the previous ones, we can see that a
reduction of the damage probability of the system from 0.01 to 0.001,
that is a tenfold reduction, reduces the utilization factor of the sys-
tem's element from 0.63% to 0.57, which is quite insignificant. Hence it
would be practical to assign very rigid requirements to the damage prob-
ability of the system, as this would insure a high degree of its opera-

tional reliability and a relatively little deterioration of the utiliza-

tion of its elements (the tubes, for example).



3. An analysis of various methods of replacing the system's ele-

ments. The numerical ratios found in the previous section apply to the
case when the elements, such as tubes, are replaced simultaneously in
the entire system. By this method, all the elements of the system are
replaced at intervals of T = Q»To, where To represents the average serv-
ice life of an element, and £ its utilization factor.
There are also other methods of replacing the elements. One of
them is to replace them in groups. By this method all the elements of
the system are divided into k groups. The elements within each group
are replaced simultaneously but each group is replaced at a different
time. For example, if all the elements of the system were divided into
| two identical groups, their replacement in the first group would take
place at t = 0, t =T, t = 2T, etc., and in the second group at t = ¥T,
t = 3/2T7, t = 5/2T, etc.

The questicn naturally arises as to which element-replacement

1 method is better, the one that calls for a division into groups or the
other? In other words, which of the mentioned methods will provide for
a fuller utilization of the system's elements (especially the tubes)?

To answer these questions, we must find the damage probability of the

entire system under the group~-replacement method.

-7
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The diagram in Fig. 3 illustrates the replacement of the elements
of the system by dividing it into k number of similar groups each of which
contains n/k elements. The elements in any group are replaced at inter-

vals of T ::rlTo, but the replacement time of the elements in the



neighboring groups (by their number) is shifted by T/k. In the first

group the elements are replaced at t = O, in the second at t = T/k, in

the third at t = 2T/k and in the k group at t = (k - 1)T/k.
The probability 7y of damage to the first group in the period of

time between t = O and t = T, according to (1.2), will be

h=1—[—p(D)™*

where p(T) is the probatility of damage to one element during time T.

The probability z, of normal operation of the first group in the

1
period between t = O and t = T will be
n=1-ym=[{1—pM"" (3.1)
The following two conditions must be observed if the second group
is to work normally in the period between t = O and t = T: 1) the

normal operation of this group in the period between t 0 and t = T/k;

2) its normal work in the period between t = T/k and t = T. The observ-
ance of the first condition, in turn, requires the normal Cperation of
the second group from the time of the previous replacement of its ele-
ments, that is fromt = (T/k) - T to t = O, and from t = O to t = T/k.
In other words, the observance of the first condition calls for the nor-
mal operation of the second group in the period of time between (T/k) -
T and T/k of duration T. The probability zé of observing the first con-

dition will be
B = —pD)rI*

(3.2)
and the probability of observing the second condition
. k—nr " E ,
= fimsfispr)

/7[ (A‘-}:l) - ]

is the probability of damage to one of the elements during T - (T/k).

10



According to the multiplication theory, the probability 2z, of normal
operation of the second group in the period between t = 0 and t = T will
be

(/\'——'I)T n k-

Zy =gy = [ — p (D)1 il
ChE (1 — p(T)] Mlb—p[ i JJ (3.4)

of the normal operation

Similar to the probability 23, Zjveroy 2z,

of the 3rd, 4th,... k groups, respectively, in the period of time be-

tween t = 0 and t = T will be

(3.5)

=1 —p@)1* {1 —p [“(k~k2) T]

Zy = [1—[}(7’)]1117:{1__17[(’\'13)7'

2= (1 — p(T n/kl(.__ <i\
k [ ])( )] 11 p k)

According to the multiplication theory, the probability z of the
normal operation of all the k groups, that is of the entire system, be-

tween t = O and t = T will be 2z = 2 z or, by substituting here

ll, 2000, zk'

the expression for z Zoyeee 2y We will find

1’
' (3.6)

k—1
= —p (P JTJ1—p[E=0T i

The damage probability y of the entire system in the period between

t =0and t =T will be
k-1

1 [(k=—=O)Tn Ik

y_—_-i__z_—_i-—-[i——p(T)]nH{l——pt———/;———:\} ’ (3.7)
=]

When the damage probability p of each element of the system in vari-

ous periods of time is known, this formula makes it possible to determine

the damage probability y of the entire system during time T occasioned by

the replacements of its elements k in similar groups.

Expanding the right part of formula (3.7) into a series by p degrees,

discarding the low magnitudes of high orders and considering the probabil-

ities p as low magnitudes of a high order, we will get

11




e
y=lzp(T)+%-jp[&%)T_J (3.8)
=1

Comparing this formula with (1.5), we can see that, all other con-
ditions being equal, the probability of damage to the system when its
elements are replaced in groups is greater than the probatility of dam-
age to the same system when its elements are replaced without being divid-
ed into groups.

As probability p is an increasing function of its argument,

PSSy (3.9)

at any i value fromi =1 toi =k - 1.
Taking this inequality into consideration, the relationship (3.8) can
be rewritten as follows
y<<np(T)+—(E—1)p(T)
or, since %%(k——i)p(7)<:np(T) y» as follows
y<2np(T) (3.10)

Comparing this formula with (1.5), we may conclude that a change from
the simultanecus replacement of the elements in the entire system to chang-
ing them by groups increases the damage probability of the system by less
than 100% regardless of the number of groups.

It should be pointed out that this conclusion is valid only for the
probability of damage in the period of time between O and T. Generally
speaking, the probabilities of damage during the same period of time depend
on the initial and final moments of that period. But the difference in
the probabilities connected with the simultaneous replacement of the ele-
ments and their replacement by groups at any initial moments of time is
of little practical significance. Bearing in mind the practical corveni-

ence of the group method, it may be assumed that its utilization would be

12




expedient in many cases.

In the above-discussed element-replacement methods, the duration T
of the work of each element constitutes a certain part of its average
service life To, that is each element is used only partially. Let us see
to what extent the probability of damage to the system would increase if
each of its elements were fully utilized. In this case, after a fairly
long period of time following the simultaneous replacement of all the ele-
ments in the system and after the replacement of a large number of damaged
elements at different periods of time, any element of the system may be
damaged at any moment of time (between t = O and t = T) with equal proba-
bility. In other words, if the moment of damage to any element of the
system were designated by a point on segment OT of time axis which is T
long, that point might fall in any place of the mentioned segment with
equal probability.

The ma ical expectation A of the number of damaged elements
during time T will be

k::ngl .

T, (3.11)
where n represents the total number of elements in the system, and To
the mathematical expectation of the length of service of each element.

In case N4 1, the probability of damage to the system during time
T, that is the probability of at least one element of the system being

damaged during time T, will be approximately equal to the mathematical

expectation X'. Ve can therefore write

—n _yT i
y="r7, or T =22 (3.12)
Knowing the number of elements n and the average service 1life To of

each element, and seeking to establish the admissible probability value

y of the damage to the system, this relationship enables us to compute

13



the duration of the system's normal operation. Agsuming that n = 100,

y = 0,01 and To = 10,000 hours, we will find that T = 1 hour. It was
shown earlier (see 2) that with the same probability of damage to the sys-
tem, the same number of elements and the same average service life of each
element, duration T of the system's operation amounted to 6,300 hours.
From this it follows that, other conditions being equal, the change from

a partial to a full utilization of each element reduces the duration of
the system's operation to a very considerable extent. In the above-dis-
cussed example, the change of the utilization factor f] of each element
from 0.63 to 1 reduces the duration of the normal operation of the system
with a preselected damage probability of 0.0l 6,300 times.

It is clear from the above discussion that in systems containing a
large number of elements, the full utilization of each element (in point
of service life) is impractical as it will reduce the duration of the sys-
tem's normal opreration to a very considerable extent. This conclusion is,
of course, valid only in cases when the damage to at least one element of
the system disrupts its normal operation.

L, Some methods of designing systems with an automatic replacement

of the elements. One of the methods facilitating the full utilization of

each element of the system, as well as a small damage probability over a
long period of time, is the method of the automatic replacement of the

damaged elements.

i
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Fig. 4 shows a block-diagram of a system with automatic stand-by
provisions consisting of n groups with m elements in each group. Each
group also has one reserve element. If any element in a particular group
is damaged, it is automatically disconnected and the reserve element of
the same group is connected in its place. The time required for the auto-
matic replacement of the damaged element by the reserve element can be
very short. Such an automatic replacement practically does not affect
the operation of the system. The next step is to repair the damaged ele-
ment (the replacement of tubes, for example) and connect it in the system
in place of the reserve element which, in turn, is automatically connected
again in case of damage to any other element of this group.

Designating by Tp the time between the damage of any element of the
system and the reconnection of the repaired element, we can write the fol-
lowing formula in accordance with (3.12)

Tp 4T,

yp = m 2 Tp=

T (L.1)

m
where Yp is the probability that at least one of the m elements of this
group will go out of commission during the repair period Tn’ that is the
probability of the normal operation of the system being disrupted.
Knowing the m number of elements in the group, the average service
life of each element, seeking to establish the admissible probability YP
0f the normal operation of the system being disrupted and making use of
formula (4.1), it is possible to calculate the admissible duration Tp of
repair to the damaged element. For example, assuming that m = 5, T =

[e]

10,000 hours and Yn = 0.01, we will get Tp = 20 hours.

Submitted on 17 May 1954.
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